The thermodynamics of a first order chiral phase transition is considered in the presence of spinodal phase separation within the Nambu-Jona-Lasinio (NJL) model. The properties of the basic thermodynamic observables in the coexistence phase are discussed for zero and non-zero quark masses. We focus on observables that probe the chiral phase transition. In particular, the behavior of the specific heat and entropy as well as charge fluctuations are calculated and analyzed. We show that the specific heat and charge susceptibilities diverge at the isothermal spinodal lines. We determine the scaling behavior and compute the critical exponent γ of the net quark number susceptibility at the isothermal spinodal lines within the NJL model and the Ginsburg-Landau theory. We show that in the chiral limit the critical exponent γ = 1/2 at the tricritical point as well as along the isothermal spinodal lines. On the other hand, for finite quark masses the critical exponent at the spinodal lines, γ = 1/2, differs from that at the critical end point, γ = 2/3, indicating a change in the universality class. These results are independent of the particular choice of the chiral Lagrangian and should be common for all mean field approaches.
INTRODUCTION
A first order phase transition is intimately linked with the existence of a convex anomaly in thermodynamic pressure [1] , which can be probed only in non-equilibrium states. There is an interval of energy and/or baryon number density where the derivative of pressure with respect to the volume of the system is positive. This anomalous behavior defines a region of instability in the (T, n q )-plane with n q being the net quark number density. The region is bounded by the spinodal lines, where the pressure derivative with respect to volume vanishes. The derivative taken at constant temperature or entropy defines the isothermal and isentropic spinodal lines, respectively. Spinodal decomposition is thought to play a dominant role in the dynamics of low energy nuclear collisions in the regime of the first order nuclear liquid-gas transition [1, 2] . Furthermore, the consequences of spinodal decomposition in the connection with the chiral and deconfinement phase transitions in heavy ion collisions have been discussed in Refs. [1, 2, 3, 4, 5, 6] . It has been argued that in the region of phase coexistence, a spinodal phase separation leads to a significant enhancement of baryon [3] and strangeness fluctuations [4] . Studies of non-equilibrium dynamics in the linear sigma model have shown that significant density inhomogeneities may be dynamically induced in a first-order chiral phase transition [7] . In a recent paper it was shown that the spinodal instability is connected with divergent fluctuations of the net quark number, N q N q − N q N q = V T χ q , along the isothermal spinodal lines [8] . Consequently, the quark number susceptibility χ q diverges not only at the critical end point (CEP) in the QCD phase diagram but also at the (non-equilibrium) first order phase transition. The close relation of the singularities at the CEP with those at the spinodal lines is a consequence of the thermodynamic relations connecting the compressibility of the system with the quark number susceptibility. In this paper we explore the critical behavior and properties of the fluctuations of conserved charges and the specific heat in the presence of spinodal phase decomposition using the Nambu-Jona-Lasinio (NJL) model. In particular, we study the influence of an explicit chiral symmetry breaking through the finite value of the quark mass on the thermodynamics across the off-equilibrium first order transition. The critical exponents of χ q at the CEP and along the spinodal lines are computed in the NJL model and in the Ginzburg-Landau effective theory. In the chiral limit, the critical exponents at the CEP and at the spinodal lines are identical, while for finite vales of the quark mass, the exponents differ. Our calculations are done within the mean-field approximation to the NJL model. However, the results are generic and should apply to all QCD-like chiral models. We stress at this point that for non-universal quantities, like the position of the CEP, one can expect only qualitative agreement between different models. On the other hand, for universal quantities, like the critical exponents, all models in the same universality class yield the same result #1 .
The paper is organized as follows: In Section 2 we explore the general features of the spinodal instabilities within the NJL model. In Section 3 we discuss the critical behavior of the quark number susceptibility in the mean field approximation. The critical exponents of χ q are computed in Ginzburg-Landau theory in Section 4. Concluding remarks are presented in Section 5.
EFFECTIVE CHIRAL MODEL AND SPINODAL INSTABILITIES
We study the thermodynamics of the chiral phase transition in the presence of spinodal instabilities within the Nambu-Jona-Lasinio (NJL) model [9] . The model describes the effective interactions of quarks preserving the chiral symmetry of the massless QCD Lagrangian. We include quark interactions only in the scalar and isoscalar sectors. In this case the NJL Lagrangian for two quark flavors, three colors and for finite quark chemical potentials has the form [10, 11, 12, 13] :
where m = diag(m u , m d ) is the current quark mass,
is the quark chemical potential and τ are Pauli matrices. The strength of the interactions among the constituent quarks is controlled by the coupling G S Λ 2 = 2.44 with the three momentum cut-off Λ = 587.9 MeV, introduced to regulate the ultraviolet divergences [10] . The parameters of the model are fixed so as to reproduce the pion mass and decay constant in vacuum for m u = m d = 5.6 MeV.
In the mean field approximation the thermodynamics of the NJL model, for an isospin symmetric system, is obtained from the thermodynamic potential [10] :
where M = m − 2G S ψ ψ is the dynamical quark mass,
is the particle/antiparticle distribution function. The quark chemical potential µ is expressed as an average µ = µ u = µ d . The dynamical quark mass M in Eq. (2.2) is obtained self-consistently from the stationarity condition ∂Ω/∂M = 0, which implies:
The thermodynamic pressure of the system is given by P = −Ω/V , and the net quark number density n q is given by
Thus, in the mean-field approximation the net quark density n q has the same structure as in a non-interacting gas of massive fermions, albeit with a (T, µ)-dependent effective mass M (T, µ). The dynamical quark mass M is an order parameter of the chiral phase transition. In the left panel of Fig. 1 Fig. 1 by the dashed line. A non-zero current quark mass in the NJL Lagrangian explicitly breaks the chiral symmetry. Consequently, in this case, the dynamical mass M is not a true order parameter and it never vanishes. The dependence of M on the quark chemical potential is shown in the right panel of Fig. 1 . The characteristic dependence of M on the chemical potential at a first order transition is, as will be discussed below, reflected in various thermodynamic quantities.
In Fig. 2 we show the net quark number density at fixed temperature as a function of µ for vanishing as well as for a finite current quark mass. As expected, the nonmonotonic dependence of the mass M on the chemical potential results in corresponding structure in n q . However, there is an notable difference in the properties of n q in the chiral limit and for a finite quark masses. In the latter case, n q is differentiable at all values of µ, while in the chiral limit n q exhibits a cusp at the point where the dynamical quark mass vanishes. This has important consequences for observables obtained from n q through differentiation with respect to thermal parameters, like e.g. the quark number or mixed susceptibilities. The thermodynamic pressure as a function of the volume per net quark, (1/n q ), is shown in Fig. 3 at fixed temperature. Independently of the current quark mass, the qualitative structure of the pressure is that of a van-der-Waals' equation of state. The unstable solution of the gap equation corresponds to the part of the equation of state where the volume derivative of the pressure is positive, i.e., to the mechanically unstable region. This region is bounded by the spinodal points located at the minimum and maximum of the pressure, respectively. Outside of this region the system is mechanically stable #2 . The volume deriva-#2 More precisely, the system is absolutely stable outside the coexistence region, while within this region but outside the spinodal lines it is metastable, i.e., stable only against small amplitude tive of the pressure depends on which quantity is kept constant, the temperature or the entropy. If the volume derivative of P exists, then the isothermal and isentropic spinodal lines are defined by zeroes of the corresponding derivatives
From Fig. 3 , it is clear that for a finite quark mass m, the derivative of the thermodynamic pressure is well defined everywhere. However, in the chiral limit the pressure exhibits a cusp rather than a regular minimum, at the point fluctuations.
where the pressure derivative changes sign on the high density side. Consequently, in this case equation (2.5) can not be used to determine the position of the spinodal line. Instead, the corresponding branch of the isothermal or isentropic spinodal line is defined by a change in sign of the pressure derivative, or equivalently by a minimum of the pressure. As we discuss below, the corresponding singularity of the thermodynamic potential is weaker than at a regular spinodal line. In Fig. 4 the phase diagram of the NJL model in the (T, n q ) plane is shown, including the isentropic and isothermal spinodal lines. For finite m the NJL model yields a generic phase diagram with a first-order phase transition at low temperatures and high densities and a cross-over transition at high temperatures. The critical end point separates the cross-over from the first-order transition. In the chiral limit, the cross-over transition becomes a second-order phase transition. In an equilibrium first-order phase transition, the meta-stable and unstable regions are not probed. The states of maximum entropy, obtained by the Maxwell construction, correspond to the coexistence of the highand low-density states at the corresponding phase boundaries. On the other hand, in a non-equilibrium system, where the thermal parameters are changing sufficiently fast, the system may traverse the meta-stable and enter the unstable region, bounded by the spinodal lines. From the thermodynamic relation 6) it is clear that the isentropic spinodal lines are located inside the isothermal spinodal region and furthermore, that the two lines coincide at T = 0. As shown in Fig. 4 , the isothermal spinodal lines join at the CEP, whereas the boundary of the isentropic spinodal region remains well below the CEP. The latter property is probably an artefact of the mean-field approximation. When fluctuations are included, the specific heat at constant volume C V diverges at the CEP, although with a weaker singularity than C P , while in the mean-field approximation C V remains finite (see section 3). According to (2.6) the isentropic and isothermal volume derivatives of the pressure are equal for C V → ∞. This implies that also ∂P/∂V | S = 0 at the CEP and that the isentropic spin-odal region probably extends to the CEP. In order to explore this question in more detail and to determine the shape of the isentropic spinodal region, a systematic study of fluctuations is required. At a first-order phase transition the instabilities are reflected in a convex structure of several thermodynamic functions. Such a structure is seen in the thermodynamic pressure and also appears in the entropy density as a function of quark density n q
However, the entropy per quark, s/n q , exhibits a monotonic dependence on the density. In Fig. 5 we show s/n q computed at fixed temperature in the chiral limit and for a finite quark mass. In the chiral limit the entropy per quark shows a cusp structure at the spinodal line on the high-density side.
SUSCEPTIBILITIES AND THE CRITICAL BEHAVIOR
At the critical end point the fluctuations of the quark density diverge [14, 15, 16, 17, 18, 19] , while they are finite above and below the CEP if the first order transition takes place in equilibrium. However, in non-equilibrium the system may reach the spinodal instability. It is thus natural to explore the charge fluctuations in the metastable and unstable regions of the first order phase transition. In statistical systems a measure of the fluctuations of a particular quantity is provided by the corresponding susceptibility χ. This are obtained as second derivative of the thermodynamic pressure. For the characterization of the spinodal region of the first order chiral phase transition, the susceptibilities related to the net quark number density χ q ≡ χ µµ , electric charge density χ Q as well as the thermal χ T T and mixed χ µT susceptibilities are of particular interest. These are obtained from the thermodynamic pressure (2.2) as follows:
1)
2)
3)
The susceptibilities involve derivatives of the dynamical quark mass with respect to µ or T #3 . Consequently, at the spinodal lines, where both ∂M/∂µ and ∂M/∂T diverge (see Fig. 1 ), one expects singularities in these #3 The above form of the mixed susceptibility is obtained from χ µT = ∂s/∂µ. An alternative equation, involving ∂M/∂T , is obtained from χ µT = ∂nq/∂T . The equivalence of the two is obvious when the explicit expressions for ∂M/∂µ and ∂M/∂T are inserted.
susceptibilities. In Fig. 6 we show the quark number susceptibility as a function of n q at a fixed temperature T = 30 MeV. As expected, it is singular at the spinodal points. However, in the chiral limit the susceptibility exhibits only a weak singularity at the high-density point, corresponding to the cusp in the pressure in Fig. 3 . At this point the susceptibility is discontinuous, changing from a finite negative to a finite positive value, while at the low density spinodal point the susceptibility diverges, corresponding to very large fluctuations of the net quark density. Moreover, for a finite current quark mass, the susceptibility diverges at both spinodal points. In both cases the quark number susceptibility is negative in the spinodal region, indicating a mechanical instability of the system.
The critical properties of the net quark number susceptibility seen at the isothermal spinodal lines are not there along the isentropic spinodal trajectories. There, the susceptibilities are finite and continues when the system passes through the metastable region. The above behavior of χ µµ appears as a direct consequence of the thermodynamic relations
that connect the pressure derivatives with the susceptibilities χ xy = −∂ 2 Ω/∂x∂y. Along the isothermal spinodal lines the pressure derivative in Eq. (3.4) vanishes. Thus, for non vanishing density n q its fluctuations have to diverge. In addition, since the pressure derivative ∂P /∂V | T changes its sign when crossing the spinodal trajectories, there is a corresponding sign change of the divergence in χ µµ as seen in Fig. 6 . A similar behavior as for χ µµ is also expected for electric charge χ Q , strangeness χ S or isovector χ I fluctuations if their charge densities are finite.
In heavy ion collisions the isospin asymmetry is usually negligible at high energy and the strangeness density vanishes due to strangeness neutrality in the initial state. Thus, here not all chemical potentials are thermodynamically independent. The net quark number χ q = −∂ 2 Ω/∂µ 2 q and the isovector χ I = −∂ 2 Ω/∂µ 2 I susceptibilities are related with the electric charge fluctuations χ Q as
For isospin symmetric system the derivative of the pressure vanishes and all relevant susceptibilities are linearly dependent. Clearly, since χ q diverges on the isothermal spinodals and since n I ≃ 0 is a good approximation in heavy ion collisions, thus the electric charge fluctuations χ Q should show similar critical behavior to that seen in χ q . On the isentropic spinodals the quark number fluctuations are finite. This is also valid for all mixed susceptibilities appearing in Eq. (3.5). The isentropic condition (2.5) holds since the numerator in (3.5) vanishes. The exception is the point at T = 0 where the isothermal and isentropic spinodal conditions are equivalent since the entropy density and the χ µT vanish at T = 0. The thermal χ T T and mixed χ µT susceptibilities along the isothermal spinodals show similar critical behavior as found for χ µµ in Fig. 6 . When going beyond the mean field dynamics, the isothermal and the isentropic spinodal curves could also coincide at the CEP. Thus, from Eqs. (3.4) and (3.5) it is clear that all susceptibilities should diverge at the CEP in this case.
For equilibrium first order phase transition the properties of charge fluctuations are different from those seen in Fig. 6 . There, under the mean field approximation, the charge susceptibilities are positive and exhibit a discontinuity at the transition point [20, 21] . This discontinuous structure is eventually converted to a cusp if the quantum correction are included [21, 22] . However, the essential difference is that the susceptibilities in the equilibrium transition are finite whereas they are divergent if spinodal phase separation appears.
The rate of change in entropy with respect to temperature at constant volume or pressure gives the specific heat expressed as
From Eqs. (3.5), (3.7) and (3.8) it is clear that the ratio of specific heats C P /C V satisfies a well known relation
In Fig. 7 we show the specific heat C V at fixed temperature. One sees in the chiral limit a discontinuity at the right-handed spinodal branch which comes from a similar jump in χ xy . At the left-handed spinodal branch C V is continuous and finite. Each susceptibility χ xy diverges at the spinodal point, however such singularities are canceled out in Eq. (3.7). The above is also valid for finite quark masses, thus C V continuously changes at both spinodals.
On the other hand, as seen in Fig. 8 , the C P diverges at the isothermal spinodals because there is no cancellation of the singularities among χ xy in Eq. (3.8). It has been argued that the negative specific heat could be a signal of the liquid-gas phase transition [23] and its occurrence has recently been reported as the first experimental evidence for such an anomalous behavior in low-energy nuclear collisions [24, 25] .
From Eqs. (3.5) and (3.8) one finds that C P vanishes along the isentropic spinodal lines. However, this is not the case in the chiral limit. Here the pressure shows a cusp, thus its derivative is not defined. Consequently, ∂P/∂V | S is non-vanishing at this isentropic spinodal line and C P remains finite.
At the CEP the fluctuations of charge densities that couple to the massless modes of the sigma field are divergent. Fig. 9 shows the χ µµ near the CEP and at fixed temperature corresponding to the first order transition. From this figure it is clear that when approaching the CEP from the side of the first order transition the region of instabilities shrinks and at the CEP disappears completely. Consequently, the CEP singularity in χ µµ appears from the matching of the two positive singular branches of χ µµ . The strength of the singularity is controlled by the critical exponent γ shown in Fig. 10 . In the chiral limit the exponent at the isothermal spinodal line is identical to that at the TCP. From numerical analysis we find that χ µµ ∼ (µ − µ c ) −γ , with γ = 1/2. However, for finite quark masses we find γ = 2/3 at CEP, in agreement with that expected in the mean-field approximation [21, 22] . From the numerical studies of χ µµ at spinodals we found that γ = 1/2 independently of the value of the quark mass. Thus, the singular properties at the TCP/CEP are the remnant of divergent behavior of the χ µµ at the first order chiral phase transition [8] . Clearly, the critical exponents are renormalized by quantum fluctuations [22] . However, the smooth evolution of the singularity from the spinodal lines to the CEP is expected to be generic.
In the next section we disuse how the critical exponents of quark susceptibilities along the spinodal lines can be analytically justified within the Ginzburg-Landau theory. 
GINZBURG-LANDAU EFFECTIVE THEORY AND CRITICAL EXPONENTS
In the mean filed approximation and near the chiral phase transition the thermodynamic potential obtained in QCD-like chiral models can be described by the Ginzburg-Landau effective theory [26] . Consequently, the mean field critical exponents at the chiral phase boundary can be derived analytically. In earlier studies within this approach the critical exponents of different susceptibilities were obtained assuming that the system appears in equilibrium [19, 21] . In the following we extend the Ginzburg-Landau formalism to account for spinodal phase decomposition in the meta-stable regime of the 1st order transition.
According to the Ginzburg-Landau theory, close to the phase boundary, the thermodynamic potential may be expanded in power series of the order parameter M [26] :
1) where hM is a term that explicitly breaks the symmetry M ↔ −M . In QCD this corresponds to the quark mass term. The gap equation
yields the values of the order parameter that extremize the thermodynamic potential. Consider first the case without explicit symmetry breaking, i.e. h = 0. Then, at a second-order phase transition a 2 = 0 and a 4 > 0, while at a first order transition a 2 > 0, a 4 < 0. The parameter a 6 should be positive for stability. Clearly, the TCP can be identified by a 2 = a 4 = 0. If h = 0 and a 4 > 0, a change of sign of a 2 corresponds to a cross over transition. We note that in this case it is not possible to uniquely define the position of the transition, since the order parameter M is always non-zero. The endpoint of the first order transition is then called a critical end point (CEP). In order to find the spinodal lines, we need also the second derivative of Ω
The zeroes of the second derivative, Ω ′′ (M 0 ) = 0, are given by
Depending on the values of the parameters, the solutions correspond to inflexion points, or, if M 0 also solves the gap equation, to a point on a spinodal line. We expand the thermodynamic potential around a zero of the second derivative
where m = M − M 0 . One finds
At a spinodal line the gap equation is satisfied, i.e., A 1 = 0. Thus, close to a spinodal line,
while the coefficient A 3 is non-zero, and can be taken to be constant over the small range of temperatures and chemical potentials considered. In the gap equation for a point close to the spinodal line µ ≃ µ 0 (for definiteness we set T = T 0 ), 8) we assume that m ∼ ±|µ − µ 0 | α , with #4 0 < α < 1. For small |µ − µ 0 |, the leading terms of (4.8) are then A 1 + A 3 m 2 = 0, yielding α = 1/2. At the critical end point also A 3 = 0, so the leading terms in the gap equation are A 1 + A 4 m 3 = 0, and correspondingly α = 1/3. The singular part of the baryon number susceptibility is given by
with γ = 1/2 at the spinodal lines and γ = 2/3 at the CEP. Thus, the singularities of the two spinodal lines conspire to yield a somewhat different critical exponent at the CEP. In the chiral limit, α = 1/2 at the spinodal lines and the corresponding critical exponent is γ = 1/2. Finally, at the TCP α = 1/4, but the critical exponent is unchanged, since here M = 0 and
Thus, in the chiral limit the critical exponents of the baryon number susceptibility at the spinodal lines and at the TCP are identical, while for finite quark masses the corresponding exponents differ. The critical and the universal properties at the phase boundary can be also studied considering the fluctuations of the order parameter. They are characterized by the chiral susceptibility, χ mm defined as the second order derivative of thermodynamic potential with respect to the quark mass
(4.11) Figure 11 shows the change of the chiral susceptibility near the critical end point and along the spinodal lines in the chiral limit and for the finite value of the quark masses. In the chiral limit the behavior of χ mm as a function of t = |(µ − µ c )/µ c | differs from that shown in Fig.  10 for the net quark number density fluctuations χ µµ .
#4
The assumption |α| > 1 does not yield a consistent solution of (4.8). First, the critical exponents at TCP and along spinodals do not coincide. Second, the critical exponent γ at the TCP is now equal to unity instead of γ = 1/2 whereas at spinodals it still remains the same as for χ µµ . On the other hand, at finite quark mass the critical exponents at the CEP and at the spinodals for χ mm are the same as found for χ µµ . The above properties are to be expected in mean field dynamics because of the following relation
that connects χ µµ with χ mm and the dynamical quark mass M . The first term χ reg corresponds to a nonsingular contribution to the quark number fluctuations. In the chiral limit, when approaching the TCP along any paths being not asymptotically tangential to the critical line the order parameter M 2 ∼ t 1/2 and at the O(4) line M 2 ∼ t 1 [14] . The corresponding exponents of χ mm are γ = 1, what explains through Eq. (4.12) the critical exponents found in the Fig. 11 -left. For the first-order transition in the chiral limit and for the finite quark mass the M 2 is always finite, consequently the critical exponents of χ µµ and χ mm are identical as seen in Fig. 11 .
SUMMARY AND CONCLUSIONS
Considering deviations from an idealized equilibrium picture of the first order chiral phase transition by in-cluding spinodal instabilities, we have explored the critical behavior of the fluctuations of conserved charges and the specific heat in the NJL model in mean field approximation. We have studied the properties these observables in the chiral limit and for finite vale of the quark chemical potential. We showed that the charge fluctuations diverge along the isothermal spinodal lines of the first order chiral phase transition independently on the value of quark masses. Accompanied by the singularities of the susceptibilities, the specific heat at constant pressure also diverges. This is in contrast to an equilibrium transition where the susceptibilities are finite and only at the TCP/CEP diverge. This implies that large fluctuations of the density would be a signal not only for the existence of the CEP or TCP but also of a non-equilibrium first order transition. The above is especially relevant to the current and future heavy-ion experiments when considering a possible signal for a first order chiral phase transition.
We also showed that in the chiral limit the critical exponents of the net quark number susceptibility χ µµ are identical at the TCP and at the isothermal spinodals. In the mean field approximation the critical properties of the net quark number fluctuations were found to be governed by a common critical exponent γ = 1/2. On the other hand at finite quark masses the exponents are different indicating a change of the universality class. At the spinodals the critical exponents for m = 0 stays to be γ = 1/2. However, at the CEP it changes from γ = 1/2 at m = 0 to γ = 2/3 for m = 0. These values of the critical exponents were calculated numerically in the NJL model and also confirmed by the analytic studies of an effective Ginzburg-Landau theory. The above results indicates that the singularities of χ µµ at the TCP and CEP are a remnant of divergent fluctuations along the two spinodal branches.
The calculations were performed within the NJL model under mean field dynamics. However, the appearance of the singularities in the quark fluctuations and specific heat comes from the thermodynamic relations which connect the pressure derivatives with different charge susceptibilities. Thus, divergent properties of charge susceptibilities and the specific heat in the presence of spinodal instabilities are quite general, being independent on the specific formulation of the chiral Lagrangian. This is also the case for the fluctuation critical exponents at the spinodals and their relation to the critical properties at TCP and CEP that should be valid for all QCD like chiral models under mean field approximation. It is a further challenge to verify the influence of the quantum and thermal fluctuations on the critical medium properties in the presence of spinodal phase separation.
